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A weighted identity for stochastic partial 
differential operators and its applications * 

Xiaoyu Fu^ and Xu Liu^ 


Abstract 

In this paper, a pointwise weighted identity for some stochastic partial differential op¬ 
erators (with complex principal parts) is established. This identity presents a unified 
approach in studying the controllability, observability and inverse problems for some 
deterministic/stochastic partial differential equations. Based on this identity, one can 
deduce all the known Carleman estimates and observability results, for some determin¬ 
istic partial differential equations, stochastic heat equations, stochastic Schrodinger 
equations and stochastic transport equations. Meanwhile, as its new application, we 
study an inverse problem for linear stochastic complex Ginzburg-Landau equations. 
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1 Introduction 

This paper is devoted to a pointwise weighted identity for a class of stochastic partial dif¬ 
ferential operators. Based on this identity, one can derive global Carleman estimates for 
deterministic/stochastic partial differential equations of different type. This idea first came 
from the Russian literature [20], in which some unique continuation results were established, 
based on suitable Carleman estimates. Carleman estimates were originally introduced by 
T. Carleman in 1939. They were energy estimates with exponential weights, and established 
in [6] to prove a strong unique continuation property for some elliptic equations in dimension 
two. Up to now, Carleman estimates have become a powerful tool in studying determinis¬ 
tic/stochastic partial differential equations, and the related control and inverse problems. For 
example, this type of weighted energy estimates was used to study the unique continuation 
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property of partial differential equations ([13]), the uniqueness and stability of Cauchy prob¬ 
lems ([3, 5, 11]), inverse problems ([2, 12, 14]) and the controllability ([7, 9, 24, 27, 28]), 
respectively. 

Roughly speaking, a Carleman estimate for the Laplacian operator is an inequality of the 
form: 

|e"^/U^(G) < C|e"'^A/U 2 (G), for any / e Cl{G), 

where G is a nonempty open subset of IR*^ with a smooth boundary, 0 is a suitable weighted 
function, and G is a constant, independent of the parameter A which may tend to -|-cxd. 

In what follows, we give two simple examples to introduce the basic idea of establishing 
Carleman estimates. 

Example 1. The stability of an ordinary differential system 

Consider the following ordinary differential system: 


x{t) = a{t)x{t) t G (0,T), 
a;(0) = xo. 


( 1 . 1 ) 


where Xq G 1R” and a(-) G L°°(0, T; R”^”). Then for any A > 0, by the first equation of 
(1.1), we have that 

|(e-«|x(t)p) = -Xe-^‘\x(t)? + 2e-«x(t) ■ x(t) < |2|a(*)|K~ - A|e-y,x(«)|^ (1.2) 
Choosing a sufficiently large A, one can obtain that 

|a;(f)| < e^^lxol < e^^|a:o|, V t G [0,T]. 


The key of this proof for the stability of (1.1) is the following identity: 


2e ^^x{t) ■ x{t) = ^{e ^^\x{t)\‘^^ + Xe ^^\x{t)\" 


dt 


(1.3) 


(1.3) can be viewed as a pointwise weighted identity for the principal operator x{t) of (1.1). 
After multiplied by a multiplier 2e~^^x{t), the principal operator is rewritten as a sum 

of a “divergence” term -r(e~^^\x{t)\‘^) and an “energy” term \e~^^\x{t)\‘^. By choosing a 

dt 

sufficiently large parameter A, the undesired lower order term 2|a(f)|j^nxne“^*|a;(f)p with 
respect to A can be absorbed. 

Example 2. A Carleman estimate for first order differential operators 

For any hxed 70 G G(G) and 7 G |^G^(G)j , consider the following hrst order differential 
operator: 

Set 


C{x, D)u = 7 ■ Vu + 7 oM, \/ x E G. 


0(x) = |x — XoP, for some Xq G R”. 

Then, we have the following known Carleman estimate for the operator (1.4). 
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(1.4) 

(1.5) 



Lemma 1.1 Assume that for xq G R” \ G and a positive constant cq 


7 ( 0 ;) • {x — xo) < —Co, in G. (1.6) 

Then there exist constants A* > 0 and G > 0, so that for any \> \*, 

A / e^^'^u^dx < C [ e‘^^'^\C{x, D)u\'^dx, (1.7) 

Jg Jg 

for any u E Gq{G). 


Proof of Lemma 1.1. For any A > 0 , put 

£{x) = X(j){x) and 6 = e^^, 

where (f is given by (1.5). Then by (1.5), it is easy to check that 

{9‘^u)'y ■ Vn = 0^7 ■ V= div (^^^^^ 7 ) — 0“^ ^div 7 + 2 A 7 • {x — Xq) 

This implies that there exists a constant Ci > 0 such that 

1 1 

{9‘^u)C{x, D)u = div (^-9^u‘^'y^ — 9“^ -div 7 + 2 A 7 • {x — xq) — 70 


u\ 


u 


> 


div (^-9‘^u^^^ — 9 '^ 2 A 7 • {x — Xo) + Cl 


u 


( 1 . 8 ) 


By (1.6), integrating the above inequality in G and choosing a sufficiently large A, we can 
get the desired estimate (1.7). □ 


The key of this proof of Lemma 1.1 is the identity (1.8). It can be viewed as a pointwise 
weighted identity for the principal operator 7 -Vn of C{x, D). After multiplied by a multiplier 

9‘^u, the principal operator is rewritten as a sum of a “divergence” term div (^-9‘^u^'y^ and 

r 1 

an “energy” term —9"^ -divy + 2 A 7 • {x — xq) u^- By choosing a sufficiently large parameter 

1 

A, the undesired lower order term 7 with respect to A can be absorbed. 


From the above two examples, one can hnd that the key of proving Carleman estimates 
is to establish a suitable pointwise weighted identity for principal operators of differential 
equations. Notice that in [7], a pointwise weighted identity for the following deterministic 
partial differential operator was established: 


Lw = {a + i/3)wt + 

j,k=l 


where a, (3 and aA(.) {kG = 1 , 2 , • • •, n) are suitable real-valued functions, and i is the imag¬ 
inary unit. This identity presented a unified approach of deducing global Carleman estimates 
for many deterministic partial differential equations of different type. A natural problem is 
whether one can get the counterpart for stochastic partial differential equations. As far as we 
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know, there exist few works on global Carleman estimates for stochastic partial differential 
eqnations. We refer to [17, 18, 27] for some known results in this respect. However, there is 
not any known Carleman estimate for general stochastic partial differential operators with 
complex principal parts. In this paper, we mainly present a pointwise weighted identity for 
the following stochastic partial differential operator: 

n 

Cw = aodw — (a + ib) ^ {cd^Wxj)xkdt + bo ■ Vwdt, 

j,k=l 

where Oq, a, 6 G IR and bo G IR”. The operator C may include some deterministic/stochastic 
partial differential operators of different type. Based on a pointwise weighted identity for 
this operator, we develop a unihed approach of establishing global Carleman estimates for 
stochastic heat equations, stochastic Schrodinger equations, stochastic transport equations 
and linear stochastic complex Ginzburg-Landau equations. As applications of this identity, 
one can also study some inverse problems of these different stochastic partial differential 
equations. 

In the deterministic case, in order to establish a pointwise weighted identity of the oper¬ 
ator L in [7], the operator (a -f- i(3)wt was divided into awt and ifdwt. Then the product of 
them was estimated. However, in the stochastic case, the method does not work. Therefore, 
in this paper we adopt a new way to prove our pointwise weighted identity for stochastic 
partial differential operators, different from that in [7]. 

The rest of this paper is organized as follows. In Section 2, a pointwise weighted identity 
for some stochastic partial differential operators is established. Section 3 is devoted to its 
applications in control problems for deterministic/stochastic partial differential equations. 
As its another application, in Section 4, an inverse problem for linear stochastic complex 
Ginzburg-Landau equations is studied. Finally, Appendix A is given to prove a Carleman 
estimate for stochastic heat equations. 

2 A pointwise weighted identity for stochastic partial 
differential operators 

Let T > 0 and (H, {J^t}t>o,'P) be a complete hltered probability space, on which a one¬ 

dimensional standard Brownian motion {B{t)}t>o is dehned such that F = {J^t}t>o is the 
natural hltration generated by H(-), augmented by all the P-null sets in J-”. Also, for any 
complex number c, we denote by c, Rec and Imc, its complex conjugate, real part and 
imaginary part, respectively. 

For any ao,a,b G R, g (^^([O, Tj; IH^’°°(1R"'; R))) {j,k = and 

bo = (^ 0 , • • •, &o) ^ ) we dehne the following complex stochastic partial differential oper¬ 

ator: 

n 

Cw = ttodw — (a -f ib) ^ {a^^Wxj)xkdt + bo ■ Vwdt. (2.1) 

This section is devoted to establishing a pointwise weighted identity for the operator C. To 
begin with, we introduce the following assumptions: 
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1. If a 7 ^ 0, then bo ■ Vw is a lower order term for the operator C. In this case, without 
loss of generality, we assume that bo = 0. 

2. If a = 0 and ao,b ^ 0, then £ is a second-order stochastic Schrodinger operator. In 
this case, we assume that bo = 0 . 

3. If a = 6 = 0, we assume that oq 7 ^ 0 and bo 7 ^ 0. In this case, £ is a hrst order 
stochastic transport operator. 

The main result of this paper is stated as follows. 

Theorem 2.1 Assume that the assumptions 1-3 hold. Leti G R), <h G 01) 

and w be an (S)-valued continuous semimartingle. Set 9 = e^ and z = 6w. Then for 

a.e. (x,f) G and V-a.s. a; G 12, one has the following pointwise weighted identity: 

2Re {9hCw) 

n n 

= 2\h\^dt + dM + Y, Tj + B\z\^dt + ^ D^^z^.z^^dt 


k=l 


j,k=l 


ft 

+2^{Re[(a£^+Wo) 


zz^ 




i=i 


- Hm {f^zZx^ ]dt — aoQ E a^^dzxjdz. 

j,k=l 

—bo ■ V (flo'^t T ho ■ dt aQi^aA aod.^ bo ■ 

n n 

—2aob E {dzdzxj) + 2ao^b ^ {a^^£x^)xj^^ (zdz) + Re {^zdz) 

j,k=l 


( 2 , 2 ) 


where 


A='Z -(«'%) 

j,k=l 




j,k=l 


h = -aA + 2ib ^ a^^^.Zx^ -1- ($ - ao£ - bo ■ V£)z, 

j,k=l 


(2.3) 
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and 


B = 2{a^ + h^) Y. + aaoAt + 2aARe $ - 2hAlui $ 

j,k=l 


-2Re 


$($ — ao£t — bo ■ V£) + flo o-o£tt + (bo ■ V^)t + bo ■ V(ao^t + bo ■ V^), 


DA = —aaoa{^ + 2Wm — 2aRe $4^ 

n 

+2(o" + 6") j;: [o-'*'(a''‘4,,)«„ + - (rf‘o'''''4.,), 


'/c' 


M = —aaoR|- 2 p + ap a- 

j,fc=i 


jk 


az^jZ^^ + 264,Im - ao(ao^t + bo ■ 


— — 2(20.0 y] a^’^Re {z, ■ dz) — 2aob E a-^^4jlni (2:(i2:) — 2R(a^ + }?) 'Y cd^^xj\z\^dt 

j=i j=i j=i 


+2a Y^ 4^Re {zx^^z)dt + 26 4^Im Zx ^($ — aoit)z 


dt 


2=1 


2=1 


+2(a^ + 6^) Y - a^'"'a^''"£xj{zxj,Zx,, + Zx.,Zx^,) 

j,j',k'=l 


dt, 


E’ = ^ a 


jfc 


fc=l 

n 


24,($-ao4) -$xfc 
F^' = y] [4^($ - ao4)., - a^{a^Hx,)t - 24"4,$ 


A:=l 


Remark 2.1 The pointwise weighted identity (2.2) is quite useful in deriving global Carle- 
man estimates for the deterministic/stoehastie partial differential operator (2.1). The ad¬ 
vantage of Carleman inequalities derived by the identity (2.2) is that one can give an explicit 
estimate on constants {in Carleman estimates). This is crucial in studying nonlinear con¬ 
trollability and observability problems. 

Remark 2.2 The key point of proving the identity (2.2) is to multiply “the principal opera¬ 
tor C” by a weighted multiplier OR. One can rewrite this product as a sum of “divergence” 
terms, “energy” terms and some lower order terms. Also, all terms in the right side of the 
sign of equality in (2.2) are real-valued functions. By choosing a suitable auxiliary function 
$ and a weighted function 6, one can derive global Carleman estimates for some determin¬ 
istic/stochastic partial differential operators of different type. 

Remark 2.3 If choosing different coefficients in (2.1), one can get deterministic/stochastic 
partial differential operators of different type. For example, suppose that (a-^^)i<j,fc<n is a uni¬ 
formly positive definite matrix and oq = 1. If a = 0 and b / 0, C is a stochastic Schrodinger 
operator. If a / 0, C is a linear stochastic complex Cinzburg-Landau operator. If a / 0, 
6 = 0 and all functions are real-valued, C is a stochastic heat operator. If a = b = 0 and 
ho / 0, C is a stochastic transport operator. Also, if all functions {in the above operators) 
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are independent of sample points, then one ean get a deterministie Sehrodinger operator, a 
deterministic linear complex Ginzburg-Landau operator, a deterministic heat operator and 
a deterministic transport operator, respectively. In the following sections, we use the point- 
wise weighted identity (2.2) to derive global Carleman estimates for the above determinis¬ 
tic/stochastic partial differential operators. Moreover, it is applied to study inverse problems 
of linear stochastic complex Ginzburg-Landau eguations. 


Proof of Theorem 2.1. The whole proof is divided into four steps. 

Step 1. Set 6 = and z = 6w. Then it is easy to show that 

n 

9Cw = ao9d{9~^z) — 9{a + ib) ^ [a^^{9~^z)xj]xkdt + 9ho ■ V{9~^z)dt = hdt + I 2 , 

j,k=l 

where Ji is given in (2.3) and 

n 

I 2 = aodz — ibAdt + 2a ^ a^’^ix^Zxf.dt + bo ■ Vzdt — ^zdt. 

j,k=l 

Therefore, 

2Re {9hCw) = 9(hCw + IfCw) = 2\Ii\‘^dt + 2Re (R/ 2 ). (2.4) 

Step 2. Let us compute “2Re(/i/2)”. By the assumptions 1-3, it is easy to hnd that 

abo = 0 and bbo = 0. (2.5) 

Recalling the dehnitions of R and R, by (2.5) and a short calculation, we have that 


2Re(/i/2) 

n 

= —2aaoRe {Adz) — 4(a^ -|- b^)Re ^ a^’^£xj{zx^A)dt 2aRe {^Az)dt 

j,k=l 

n n 

-lAaob ^ dm (^j;j,d 2 :)-|-46 ^ a-^^Rdm (<l>z; 2 a,j,)(it 

id=i (2.6) 

n 

-|-26Im ($ — aoR)TA dt -|- 4a ^ a-^^R^.Re (<h — aoitjzzx^ dt 

j,k=l 

-|-2Re (<h — aoR — bo ■ 'V£)z{aodz + bo ■ Vzdf) 

—2Re <h(<h — aoR — bo ■ V£) \z\^dt. 

Step 3. Now we compute every term in the right side of the sign of equality in (2.6), 
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respectively. By (2.3), we find that 


—2aaoRe {kdz) = —aao{Adz + Adz) 

n 

=-aao [{a^^z^j)xkdz + {a^’"zxj)a;t,dz - aaoA{zdz + zdz) 

j,k=l 

n n n 

= -aao {od'^z^.dz d a^^z^.dz)^^ + ^ d{aaoa^^z^^z^J - aao ^ ai^z^.z^^dt 

j,k=l j^k=l j^k=l 

n 

—aao X! (^^^dzxjdzx^. — d{aaoA\z\‘^) + aaoAt\z\‘^dt + aaQAldz]"^. 

j,k=l 


Further, 


-4(a2 + b^)Re ^ = -2(a2 + b^) ^ + Zx,A)dt 

j,k=l j,k=l 

n 

= -2(a^ + 4) ^ a^^lxjizxkAz + Zx^Az)dt 
j,k=l 


-2{a^ + 4) ^ a^’^ixj Zx, £ 


j',k'=l 


[a^ ^ Zx.,)xy + Zx, ^ ^ 0 :^,)xy 

j',k'=l 


= -2(a^ + 4) '^{Aa^^^xj\z\^)xudt + 2{a^ db^^) {Aa^'^^xj)x^z\^dt 

j,fc=l j’,k=l 

n 

-2{a^ + b^) a^''(-xja^'''\zxYxk + Zx.,Zx^) dt 

j^k^j' ^k'=l ^ 

n 

+2(a^ + 4) Y W^^x^)xy{zx,'Zxk+^x.,Zxi,)dt 


n 

+2(a^ + 4) E 

j^k^j' ,k'=1 


^ z z 1 ^ 1 z z df 

^Xj/^Xj^/)Xk ^ <'Xj JXk^Xj/^Xy 


Notice that in the above derivation, we use the following identity: 


2 ^ ) 4 4 ^Xj{zxji Zxf,Xf.i 'd Zxj, Zxf.Xf,i)dt 

j,kj^,k'=l 
n 

= Y + Zx.,Zx^,)]^ - {a^^a^'^'ix^)x^{ZxYxy + Zx.,Zx^,)}dt 

j,k,j’,k'=l 
n 

= 2 Y [{a^^a^'^'^xjZxYxy)xk- {a^^(i^'’"'^Xj)xkZxYxk]dt- 

j,k,j',k'=l 



Further, 


2aRe{^Kz)dt = 2a ^ Re dt + 2aAIie^\z\^dt 

i,k=l 


= 2a ^ Re (^a^’^Zxj^z^ dt — 2aRe^ ^ a^'^ZxjZxf.dt 

j,k=l ^ j,k=l 

n 

—2a ^ Re dt + 2aARe^\z\‘^dt. 

j,k=l 

Note that for any k = 1, • • •, n, 

Im {zx^dz) = Im d{zx^z) — {zdz)x^ — dzx^dz + Zx^dz = —Im {zxf.dz). 
Therefore, we get that 

n n 

iaob a^’^ixjl^izxkdz) = 2 aob Y d{zx^z) - izd:z)x^ - dzx^dz 

j,k=l j^k=l 

n 

= 2aob Y^ {d a^’^£xjlra{zx^z) — a^’^ix^lm(zdz) | 

j,k=l ^ Xk 


( 2 . 10 ) 


( 2 . 11 ) 


-2aob Y [(a^^4,)Rm {zx^z)dt - (a^^4Jj;Jm {zdz) + a^''4 Jm {dzdzx^) ■ 

j,k=l 


Further, 


2Wm ($ — aQ£t)zA dt = 2b Y {a^'^Zxj)xk{^ — ao£t)z dt — 26yllm 

j,k=l 

n n 

= 2& ^ Im — aoit)z dt + 2blm^ ^ a^^Zx^z^^dt 

j,k=l ^ j^k=l 

n 

—2b Y^ a-^^Im {^ — aQ£t)xkZxj'z dt — 2hA\m.^\z\'^dt. 

j,k=l 


( 2 . 12 ) 


Step 4. Let us compute “2Re (<F — ao£t — bo ■ V£)z{aodz + bo ■ Vzdt) ”. Notice that 
2Re ($ — aQ£t — bo ■ V£)z{aodz + bo ■ Vzdt) 

= 2Re <F^(aoh 2 : + bo ■ V^cif) (2.13) 

— (ao^t + bo ■ V£) aQd{\z\^) — aQ\dz\^ + bo ■ V{\z\^)dt . 


Further, 


(ao^t + bo ■ V£) aQd{\z\‘^) - ao\dz\‘^ + bo ■ V{\z\‘^)dt 
= —d ao(ao^t + bo ■ V^)|^|^ T Ug ao4 T (bo ■ ^£')t 
+ao(ao-^t + bo ■ V.£)|(i2;|^ 

—bo ■ V {ao£t + bo ■ V£)\z\^ hf + bo ■ V (aof't + bo ■ V£) \z\^dt. 


(2.14) 



Combining (2.6)-(2.14) with (2.4), we can get the desired identity (2.2). 


□ 


3 Applications in control problems for some determin¬ 
istic/stochastic partial differential equations 

In this section, we give some concrete applications of Theorem 2.1 in deriving some known 
global Carleman estimates for some deterministic/stochastic partial differential equations. 
Based on these estimates, one can study the controllability and observability of determinis¬ 
tic/stochastic partial differential equations. 

3.1 A pointwise weighted identity for deterministic partial differ¬ 
ential operators 

In [7], a pointwise weighted identity was established for the following deterministic partial 
differential operator: 

n 

L = {a + il3)dt+ 

j,fc=i 

with two real-valued functions a and j3. Based on this identity, a universal approach of prov¬ 
ing Carleman estimates was established to deduce the controllability/observability results 
for parabolic equations, hyperbolic equations, Schrodinger equations, plate equations and 
linear complex Ginzburg-Landau equations. 

In this subsection, starting from Theorem 2.1, one can obtain the known weighted identity 
for deterministic partial differential operators in [7]. Indeed, as a consequence of Theorem 
2.1, we have the following pointwise weighted identity. 

Corollary 3.1 Suppose that G ^^(R”) (j,/c = l,2,---,n), ^ G C^(R”), <h G 

C^(R”), y G ^^(R”) and all functions in (2.1) are real-valued. Set oq = & = 0, a = —1, bo = 
0, 9 = e^ and z = 9y. Then 


29/, ^ + E Ut + B\z\^ + E D‘'‘ 


Z't' ■ Z't' i 


j,k=l 


k=l 


j,k=l 
n 

-2 E 

j,k=l 


where Ii = K + with A being given by (2.3), 

n n 

= -2A Y - 2^^ Y 


i=i i=i 

+2 Y Zx.,Zyz^, - {z^.,z^^, + z^^.,z ^^,) 

j,j',k'=l 


(3.1) 
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and 


( ^ 

B = 2 Y. {Aa^H^x, - - 2|<l> 

j,fc=i 

n 

DA = 2^aA + 2 Y 

j',k'=l 

If we choose a = /I = 0 in [7], the identity (3.1) in Corollary 3.1 is exactly the same as 
[7, Theorem 2.1]. Meanwhile, Corollary 3.1 is very similar to [ 8 , Theorem 4.1], both imply 
weighted identities for elliptic operators. Comparing two results to each other, we hnd that 
the only difference is low-order terms. Therefore, it does not influence the derivation of 
global Carleman estimates for elliptic operators of second order. Furthermore, by Corollary 
3.1, one also can deduce a weighted identity for deterministic hyperbolic operators. 

If Oq 7 ^ 0 and bo = 0, Theorem 2.1 implies a weighted identity for deterministic parabolic 
operators, deterministic Schrodingier operator and deterministic linear complex Ginzburg- 
Landau operators, respectively. 

If a = b = 0, tto 7 ^ 0 and bo 7 ^ 0, Theorem 2.1 implies a weighted identity for deterministic 
transport operators. 






,JXk/ 


3.2 A pointwise weighted identity for stochastic transport opera¬ 
tors 

In Theorem 2.1, assume that all functions are real-valued. If we choose a = b = 0 and Oq = 1, 
then we have the following weighted identity for the stochastic transport operator: 


Cw = dw + bo ■ 'Vwdt. 

Dehne = {x G ; | a;|R»=i}. Then, we have the following pointwise weighted 

identity for the stochastic trasport operator. 


Corollary 3.2 Suppose that i E C^(R”'''^) andy is an (IC') X {S"- -valued continuous 
semi-martingale. Set a = b = <h = 0, ao = 1, bo 7 ^ 0, 6 = e^ and z = 9y. Then 


2eii{dy + bo ■ Vydt) = 2\h\^dt - d (£* + bo ■ Vi)\z\ 


+ B\zrdt 


-bo ■ V + bo ■ Vtj\z\^ + {it + bo ■ Vi)\dz\^, 


(3.2) 


where 


Ji = -(4 + bo-V£)z, 

B = iu + (bo ■ Vi)t + bo ■ V(4 + bo ■ Vi). 


Corollary 3.2 is exactly the same as [19, Proposition 2.1]. As we seen in [19], the identity 
(3.2) plays a key role in the study of observability/controllability problems for stochastic 
transport equations. 
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3.3 A global Carleman estimate for backward stochastic heat op¬ 
erators 


As another application of Theorem 2.1, one can obtain global Carleman estimates for gen¬ 
eral forward and backward linear stochastic parabolic operators. For simplicity, in this 
subsection, we only consider backward stochastic heat operators. Notice that our pointwise 
weighted identity is different from [25, Theorem 3.1]. But, starting from this identity, we 
still can obtain the desired global Carleman estimate for backward stochastic heat equations 
(which was presented in [25]). 

Let G be a nonempty bounded domain in R” with a boundary T of class C^. Put Q = 
G X (0,T) and S = T x (0,r). Assume that all functions are real-valued in this subsection. 
Based on the identity (2.2), we derive a global Carleman estimate for the following backward 
stochastic heat equation: 


dy + Aydt = fdt + Y dw(t) 

in Q, 


y = 0 

on S, 

(3.3) 

y{T) = yT 

in G, 



where / G Lp{0, T; L‘^{G)) and i/t G Tt, V] L‘^{G)). 

First, introduce some auxiliary functions. It is well known that ([9]), there exists a 
function 'ip G G"‘(G) such that 

^jJ{x) > 0, in G; ^jJ{x) =0, on F; and \'\/^jJ{x)\ >0, in G \ Gi, 

where Gq and Gi are two any given nonempty open subsets of G such that Gi C Gq. For 
any hxed integer k > 1, and positive parameters n and A, write 

X gMdO _ g2Mlblc>(G) 

In the sequel, for any A; G N, we denote by a function of order /i^, for sufficiently large 

/i; and by a function of order for hxed and sufficiently large A. 

Next, based on (2.2), we have the following inequality for the backward stochastic heat 
operator: 

Cy = dy + Aydt. 


Lemma 3.1 Let z = 9y and i = Act. Then any solution {y,Y) G Lp{0,T; Hq{G)) x 
L|(0,T;L^(G)) of the equation (3.3) satisfies 


E [ 29IiCydx 
Jq 

> E / 2\Ii\^dxdt 
Jq 

-|-E [ 2X^fi‘^(p^\'Vfi\'^z'^dxdt + Ei [ 2Xffiip\'Vz\'^\'Vip\‘^dxdt 
Jq Jq 


'Q 

+E / + 0^{X^)ip^\ \z\‘^dxdt + ¥. I 0{fi)X<f\Vz\'^dxdt 


(3.4) 


IQ ^ 

+E [ 9^0(X^)y^if^\Y\^dxdfi 
Jq 


Q 
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where h = Az + + M- it)z. 

For the readers’ convenience, we give a proof of Lemma 3.1 in Appendix A. By (3.4), 
proceeding exactly the same analysis as [25, Theorem 6.1], one can obtain the following 
global Carleman estimate for the equation (3.3). 

Theorem 3.1 There exists a positive constant po, depending only on n,G,Go and T, such 
that for any p > po, one can find two positive constants Aq = Ao(p) and G = G{p), so 
that for any f G Lp(0, T; L^(G)) and yx G Lf{Vt,J^T-,'P',Lf{G)), any solution {y,Y) G 
Lp{0,T; Hq{G)) X Lp{0,T; L‘^{G)) of the equation (3.3) satisfies 

+ AylVyp) dxdt 

<gIe r f e^X^-f^y^dxdt + E [ e^fdxdt + E [ e^X^-i^Y^dxdt 
\ Jo Jgo Jq Jq 

for any A > Aq. 

By this global Carleman estimate in Theorem 3.1, one can study the observability (resp. 
controllability) for backward (resp. forward) stochastic heat equations. 

3.4 A global Carleman estimate for stochastic Schrodinger oper¬ 
ators 

In this subsection, based on the weighted identity (2.2), we derive a global Carleman estimate 
for stochastic Schrodinger operators. In (2.1), we choose ao = 1, b = 1, a = 0, bo = 0 and 
{a^^)l<j,k<n = In- Then C is the following stochastic Schrodinger operator: 

Cw = dw — iAwdt, (3.5) 

and Ji = 2iVi ■ Vz + (<h — it)z (with z = 9w). 

Notice that in [17], a weighted identity was derived, in order to establish a global Carle¬ 
man estimate for the stochastic Schrodinger operator: 

Pv = idv + Avdt. 



In [17], write u = 6v. Then 

Ii = —iitu — 2V£ • V-u -|- T-u, 
where T is a suitable auxiliary function. 

If we set w = iv and <h = —iT, then it is easy to check that z = iu, and Cw = Pv. 

Therefore, based on (2.2), we can get the same pointwise weighted identity as that in [17], 
and a global Carleman estimate for stochastic Schrodinger operators. 
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4 Applications in inverse problems for linear stochastic 
complex Ginzburg-Landau equations 

As another application of Theorem 2.1, in this section, we prove a nniqneness result for 
inverse problems of linear stochastic complex Ginzburg-Landau equations. 


4.1 Main results 

The deterministic complex Ginzburg-Landau equation was introduced by Ginzburg and Lan¬ 
dau in 1950 ([10]). This kind of complex partial differential equations can describe a phase 
transition in the theory of superconductivity. In the last decades, a lot of stochastic versions 
of Ginzburg-Landau equations were studied. We refer to [4, 16] and the references therein 
for some known results. 

Gonsider the following linear stochastic complex Ginzburg-Landau equation: 


dw — {1 -\- ib)Awdt = (ai ■ Vw -\- a 2 w)dt + a^wdSif) 

in Q, 


w = 0 

on S, 

(4.1) 

ta(0) = Wo 

in G, 



where 6 G R, ai e L|P(0, T; (D”)), as G L^{0, T; L°^{G; (D)), ag G L|P(0, T; (D)) 

and Wq G L'^{G; (D). 

We hrst recall the dehnition of weak solutions of the equation (4.1). 

Definition 4.1 We call w G L|(f2; G([0, T]; L‘^{G-, (D))) f] -h|(0, T; Hq{G-, G)) is a weak so¬ 
lution of the equation (4.1), if for any t G [0,T] and any p G Hq{G), it holds that 


IG 


w(t, x)p(x)dx — / Wop(x)dx 
Jg 


j y I — (1 -|- ib)'\/w{s, x) ■ Vp(x) -|- ai(s, x) ■ '\/w{s, x) -f 02(5, x)w{s, x) p{x)^dxds 

+ / / as{s,x)w{s,x)p{x)dxdB{s), V-a.s. 

Jo Jg 


Also, set 


/\ I 12 I 12 I 12 / \ 

r = 1 -|- |ai|L~(0,r;L°°(G;a")) + l®2|L“(0,T;L°°(G;a)) + FS |(0,r;wr°o(G;a)) • ( 4 - 2 ) 

Then we have the following well-posedness result for the equation (4.1), whose proof can be 
found in [22, Ghapter 6]. 

Lemma 4.1 For any Wq G L‘^{G] G), there exists a unique weak solution w of the equation 
(4.1) . Moreover, 


'^lL|(O;G([0,T];L2(G;a))) + \'^\Ll(0,T-,Hl{G-,a)) < Cr\Wo\L'2(G-,a)- 
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In this section, we are concerned with the following inverse problem: for to G [0,T), 
determine w(to,-), V-a.s. from w(T,-). The main result can be stated as follows. 

Theorem 4.1 Let to G [0,T). Then there exist eonstants r G (0,1) and C > 0 sueh that 

\w{to)\L'^{p.,rtQ,T-,L'^{G-,Q)) < C'l«'lL2[o,T;L2(G;a))l'“'(^)li2(0,.FT,P;Hl(G;a))> (4-3) 

for any solution w of the equation (4.1). 

As a consequence of Theorem 4.1, we can get the following backward uniqueness for the 
equation (4.1). 

Corollary 4.1 Assume that w is a weak solution of the equation (4.1). If w{T) = 0 m G, 
V-a.s., then w{t) = 0 in G, V-a.s. for all t G [0,T]. 

In [7, 23], some global Carleman estimates for deterministic complex Ginzburg-Landau 
equations were established, respectively. However, as far as we know, there are no published 
papers addressing global Carleman estimates for stochastic complex Ginzburg-Landau equa¬ 
tions. In the following, we derive a suitable Carleman estimate for a linear stochastic complex 
Ginzburg-Landau oeprator. Based on this result, we can study the uniqueness of this inverse 
problem. 


4.2 A Carleman estimate for linear stochastic complex Ginzburg- 
Landau operators 

In this subsection, we establish a Carleman estimate for the following linear stochastic com¬ 
plex Ginzburg-Landau equation: 


dw — {1 -\- ib)Awdt = fdt gdB{t) in Q, 

tc = 0 on S, (4.4) 

tc(0) = Wo in G, 

where / G L^{G] (D)) and g G (0, T;//^(G; (D)). 

First, we establish a pointwise weighted identity, which is a consequence of Theorem 2.1. 


Lemma 4.2 Under the assumptions of Theorem 2.1, for a parameter p > I, ehoose ip{t) = 
e^^^, i = pip, 9 = e^, z = 9w and <h = —p. Then, it holds that 


where 


2Re 


9Ii(^dw — (1 + ib)Awdtj 


= 2\h\‘^dt + d{\Vz\^ - 
+2p\'\/z\‘^dt — iVdzl 


n 

ShVkH + Y. - ‘2)\z\‘^dt 


k=l 

^ — 2pRe {zdz) -f Sp^ifldzl"^, 


Ii = —Az — {p 3p‘^ip)z, 

= —2Re {zxf.dz -\- pzx^zdt) — 2b{p 3p^ip)lm. {zxfVjdt. 


(4.5) 


(4.6) 
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Proof. In Theorem 2.1, we choose ao = a = 1, bo = 0, {a^’^)nxn = In, ^{t) = I = 
and $ = —fx. Then after a simple calculation, we can get the desired result (4.5). □ 

Based on Lemma 4.2, we have the following Carleman estimate for (4.4). 

Theorem 4.2 Let S G [0,T). Then for any p > 2, one can find a constant C = > 0 

so that 


< 


/5 JG 


6‘^\Vw\^dxdt + jjfi'Ejj J ip6‘^\w\‘^dxdt 


cjE / [\e{d)Vw{5)\^ + y^ip{6)e{5)\w{5)\^ + y^ip{T)\e{T)w{T)[^ 


+E 


IG L 

r./ 

Is JG 


dx 


(4.7) 


(1 + + \V g\'^)dxdty 


for any solution w of the equation (4.4). 

Proof. Integrating the identity (4.5) in [6,T] x G for 6 G [0,r), and taking mathematical 
expectation, by (4.4) and ^|s = 0, we have that 


2E 


Is Jg 


+2E 


\Ii\‘^dxdt+ 'E J J d{\'\/z\‘^ — 3f/ip\z\‘^)dx + ffiWj J J {Syy — 2)\zfdxdt 


Is Jg 


= 2E 


Re 


< 2E 


IS JG 
cT 


y\V z\‘^dxdt — E 
9Ii{fdt + gdB) 


Js Jg l 
dx 


I + 2pRe {zdz) — ^ffiipdzdz 


dx 


(4.8) 


[ [ |/ipdtda; + 2E [ [ \6f\‘^dxdt. 

Js JG JS JG 


It is easy to check that 

rT r 


-E J^d{\Vzf - 3y^^\zf)dx < CE J^[\Vz{S)f + y^(p{T)\z{T)\^ 


^dx. (4.9) 

On the other hand, noting that 2Re (zdz) = zdz + zdz = d(| 2 :p) — we obtain that 


E 


Is Jg l 

rT 


I Vd^l^ — 3ffi{pdzdz + 2pRe (zdz) 


dx 


(4.10) 




< CE 

Js Jg 

By (4.8)-(4.10), we have that 

e/7 

Js Jg 
<CE [ 


I'Vgf + 7(1 -I- (p)6^\gf dxdt + yE / \z(S)fdx. 


IG 


3y^(^(yip — 1)71^ -|- 2/r|V2:|^)da;dt 


IG L 


\Vz(6)\^ + y\z(5)\^ + yMT)\z(T)[^ 


dx 


(4.11) 


+CE 


Is Jg 


(1 + 7^ (I/I + T \g\ + |V^| )dxdt 


Taking y^ = 2 and noting that y = e^^* > 1, we obtain that yoy — 1 > Therefore, 
by (4.11) and z = 6w, one can get the desired inequality (4.7). □ 
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4.3 Proof of Theorem 4.1 

This subsection is devoted to a proof of Theorem 4.1. We borrow some ideas from [18]. 
Proof of Theorem 4.1. The proof is divided into two steps. 

Step 1. For any to G (0,r), we choose ti and t 2 satisfying that 0 < < t 2 < to- Let 

p G C°°(IR; [0,1]) be a function such that 


P 



1, t>t2, 

0, t < ti. 


(4.12) 


Put h = pw. Then by the equation (4.1), h satishes that 

dh — {1 + ib)Ahdt = [(oi, Vh) + a 2 h + ptw]dt + aohdB{t) in Q, 

/i = 0 on S, (4.13) 

/i(0) =0 in G. 


Applying Theorem 4.2 (with h = 0) to the equation (4.13), we can hnd a pi > 2 such that 
for any p > pi, 


pEj [ [ 9‘^\Vh\‘^dxdt + p^E [ [ (p9‘^\h\^dxdt 
Jo Jg Jo Jg 


< 


CE[9\T) j \\Vh{T)\^ + p^p{T)\h{T)f\dx + [ 9^\pt{t)w\^dxdt}. 

' G 'J Q 


Noting that 9 = is an increasing function of t, by (4.12), we have that 

ft2 

IQ . Jti JG 

Therefore, combining (4.14) and (4.15), we get that 


p9‘^{tQ)E J \Vh\‘^dxdt + p^9'^(to)E J (p\h\'^dxdt 
<pE [^9‘^\Vh\‘^dxdt + p^E J^ip9^\h\^dxdt 

|Vh(T)|2 ^ ^2^^T)\hiT)\^]dx + C9\t2)\w\l2^^o,T;LpGm- 


< C9^ 


G L 


By (4.16) and noting that h = pw, we obtain that 


pE 


ito Jg 

3-2/4. \/32/ 


\Vh\'^dxdt + p^E 


ho JG 


ip\h\‘^dxdt 


< Cr^(«o)e'-‘(*2)|«.|ij,„,T;y(G;a)) + Cfl2(T)E^ [|V«-(r)p + ,,V(T)|«,(T)|2 


(4.14) 


e/ 9‘^\pt{t)w\‘^dxdt < CE f f 9‘^\w\‘^dxdt < C9‘^{t2)\h\'j^2(^Q j-.^ 2 (^c.Qyy (4-15) 

Jo JJG p ? ) 5 


(4.16) 


(4.17) 


dx. 


Step 2. Let us estimate “E [ \w{to)\‘^dx^\ 

Jg 
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By (4.1) and (4.2), it is easy to check that 


E 


IG 


|tc(to)Pdx —E [ \w{T)\‘^dx 

JG 


= —E J j [wdw + wdw + \dwf]dx 
rT r _ rT 

= 2 

I to JG ' Jto JG~ 

<C [ [ \Vw\‘^dxdt + CrE [ [ \w\‘^dxdt. 

Jto Jg Jto Jg 


! / [ |Vtcp — E [ ( [w{ai^Vw)w{ai,Vw)+ 2a2\w\^+ \azw\^]dxdt 
Jto Jg Jto Jg 


(4.18) 


Combining (4.17)-(4.18), we hnd that 


E f |w^(to)| dx < C6 (to)^ i^2)\'>Jj\LUo,T-,L^{G-,a)) 

J G 

+C^LMT)0^{T)nw(T%^^a,a, (4.19) 

Note that t 2 < to- We choose a yU > 1 as a minimizer of the right hand side in the inequality 
(4.19). Then it follows that 


E 


/ |'U^(to)|^dx < C'|'U^li2[o,-p.£,2(G-.g))|«^(7")|))2(f^^_7rj,,75;_H-l(G;a))) 
J G ^ 


with 


r = 


2(g3/iiio _ g3/4itii 


C + 2(e3^i*o - e^^i^i) 

This completes the proof of Theorem 4.1. 


□ 


5 Appendix A 

Proof of Lemma 3.1. In (2.1), choose ao = 1, a = —1, 6 = 0, bo = 0 and (a-^^)i<yfc<n = In- 
Then by (2.2), we obtain that 

29hCy 

n n 

= 2|/y* + dM + y + B\z\^dt + 

k=l v^*^/ 

n n 

+ 2 ^ zZx^dt + ^ \dzx^'\^ + + It)\dz'\^ + 2^zdz, 

i=i i=i 
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where 


A = \V^\^-M, k = ^z + Az, h=k + {^-it)z, 

n 

B = 2 E(^4,)x, - A - 2A$ - 2(<I>2 - £,$) + 
i=i 

, Di^ = 2iSi + 44,« - 2AiSl with <5i = { J J l[ 

M = A\z\^ -\Vz\^ -it\z\\ 

= 2zx^dz — 2Aixf^\z\‘^dt — 2zx^^zdt + 2\Vz\'^£x^^dt — 4V£ • Vzzx^dt, 
£;^ = 24,($-4)-<h.,. 

Also, set $ = 2A£. Then it is easy to check that for any j,k = 1, • • •, n, 

£xj 1 £xjXi^ T ^'^Xj'^Xf^i £tt ) 

A = Lp^\V il)\^ — A/i^99|V'0|^ — + 0{X)jj,‘^(p, 

At = C>(A2)^V^ 

and for any k = 1, 2, • • •, n, 

Ax, = 2AW'|V^|Vx, + C?(A2)^V' + C?(A)/iV- 


In the following, we estimate every term in the right side of sign of equality in (5.1). 
Step 1. First, notice that 

B = 2VA ■ Ve - 2AAi -At + At - 8(A£f + 4A4t. 


Further, 


Further, 


Further, 


2VA ■ V£ = 2X/j,(f>VA ■ VA 

n 

= 2 ^ \2X^l?Lp^\Vil)?il)xj + 0(/i^)AV^ + 0{X)^^(p ■ XfopAx 
= 4AV<d^|V^|^ + C>(^3)^3^3 ^ o{X^)n^ipA 


-2AA£ = -2 


A^^^(/7^|V'0p + 0{X)jA(p A/i^(/7|V'^P + 0{X)fi(p 


= -2A3/iV^|V^|^ + C>(^3)^3^3 ^ o{X^)n^ipA 


-8{A£)^ + 4A4t 


= 0(A^)(iV^ + 0(A)tiV ■ Ae^'‘'*'c'W)p 2 ^ o(A=')(iV^ + 

19 


(5.2) 


(5.3) 


(5.4) 


(5.5) 



Combining (5.3)-(5.5) with (5.2), we get that 

B = 2AVV^|VV'|^ + + 0^(A2)(^3_ 

Step 2. Noticing that 2 ; = 0 on S, we have that for any k = 1,2, ■ ■ ■ ,n, 

= 2(|V2|=4. - 2V2 ■ 

A dz 2 dz 2 dtl) A , 

= H - 2A,,4. 

where p = [ui, - ■ ■, z/„) denotes the unit outer normal vector on F. Therefore, 


x: c" ■ = -2Xfiip 


k=l 


dz 

2 9-0 

du 

du 


> 0 . 


Step 3. By the dehnitions of {j,k = 1, • • •, n) and <h, we have 
D^’^ = 2Aedi + 4i,^,, 

= 2{XnipA'ilj + A/iV|V?Ap)Afc + AXuipij^.^^ + 4A/iVf^a;j^ 


= 0{lJ,)X(p + 2A/iV|V'0pA^ + 4A/i^V9^,r, • 


It follows that 


X] = 2AyuV|V'0nV0|^ + 0{fi)X'^\Vz\‘^ + 4A/xV|V^ • V;^ 

j,k=l 

Step 4. By the dehnitions of [j = 1,2, - ■ ■ ,n), we have that 

n n 

2 X^ [e^ zzx^dt = 2 X^ {A^x■A^ — 2ixtt — 2Alx\zZxdt 

\ J Z_—^ \ ‘^J ‘^J ^ '^3 J '^3 


(5.6) 


(5.7) 


(5.8) 


= - 2"^ e^/,(z^)^,dt + 0(\)f.i^ip\z\\V z\dt 

t=i i=i 

n 

= ( 44 , - 2i^/tZ^) dt 

j=i ^ ^ 

n n 

-Aj2i^xj^^)xjZ‘^dt + 2^{i,^.it)xjZ‘^dt + 0{X)i/ip\z\\V z\dt 
i=i i=i 

n 

Y, (44,A£4 - 2^^/tz^)^ dt + 0{X‘^)is^^^z^dt + 0^{X^)iph^dt + 0{X)iJ^ip\z\\Vz\dt. 


t=i 

Therefore, 


2E 
= E 


E^ zzx^dxdt 


Q j=i 

f + OJX^)^^]\z\^dxdt + E f 0{X)^^^^\z\\Vz\dxdt. 

IQ -I JQ 


(5.9) 
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Step 5. By the first equation of (3.3), we find that 


E J^{-A + it)\dz\‘^dx 


E 


IQ 


+ 0^iX)cp^ 


9^\Yrdxdt. 


Also, notice that 


2Ezdz = AMzdz = 2M[d{z^) - [dzf] 
= 2 d{Aiz'^) — 2AitZ^dt — 2A£{dzY. 


This implies that 


E / 2Ezdzdx 

JQ 


E 


IQ L 




dxdt. 


(5.10) 


Combining (5.6)-(5.10) with (5.1), one can get the desired inequality (3.4). 


□ 
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